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The in teract ion of plane and ax i o s ymmet r i c  subsonic je ts  with a plane boundary located nor -  
mal  to the jet  axis is studied. A numer ica l  solution for  the equations of motion and energy  
is obtained, assuming s ta t ionary  flow and constancy of liquid p rope r t i e s .  

The in teract ion of a jet  with a plane boundary located normal  to the jet axis is of undoubted interes t ,  
because  of the la rge  number  of p rac t i ca l  appl icat ions of such a si tuation.  The region of in te rac t ion  with 
the boundary may  be divided into three  sect ions:  

1) the f ree  jet  region, according to exper imenta l  data, co r responds  to d is tances  above the boundary 
of the o rder  of the width (diameter)  of the nozzle output sect ion;  

2) the d i rec t  in teract ion area ,  cha rac t e r i zed  by significant p r e s s u r e  gradients  both along and no rma l  
to the boundary; 

3) the a r ea  of flow along the wall, with p rac t i ca l ly  no p r e s s u r e  gradient .  

The f ree  jet  region and region of flow along the wall have been studied sufficiently in [1, 2]; the flow 
of the jet  in the neighborhood of the braking point has not been examined deeply at p re sen t .  E m p i r i c a l  r e l a -  
t ionships for f r ic t ion and t he rm a l  flux in this region have been obtained [3-9]. A wide d ivergence  between 
the data of different  authors ,  as well  as la rge  d i s a g r e e m e n t s  between exper imenta l  data  sad calculated r e -  
sul ts  a re  based on the boundary layer  equations cha rac t e r i s t i c  of these re la t ionships .  In [10, 11] these 
deviat ions were  explained as the influence of turbulence pecul ia r  to the f ree  s t r e a m  upon fr ic t ion and heat 
t r an s f e r  between jet  and boundary. According to our data there  is not, at p resen t ,  a sufficiently complete  
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Fig.  1. In te rac t ion  of jet  with 
boundary wall in regions of: 1) 
f ree  jet;  2) interact ion;  3) flow 
along wall.  

theore t ica l  ana lys is  that would pe rmi t  evaluat ion of the effect  of jet  
turbulence on fr ic t ion and heat  t r ans f e r .  As a rule,  e i ther  the flow 
of a nonviscous jet  in the region of spreading  over  the boundary, or  
the flow of a v iscous  jet  in the vicini ty of the braking point is analyzed, 
the la t ter  based on the solution of approximate  boundary layer  equa- 
tions with boundary conditions obtained by exper iment  [12-14]. In the p r e -  
sent study we have a t tempted  to examine the flow in the region of i n t e r -  
act ion of a subsonic je t  with a boundary on the bas i s  of solution of 
exact  motion and energy  equations with subsequent  evaluation of the 
effect  of jet  turbulence on f r ic t ion and heat  t r an s f e r  with c o m p a r i s o n  
of the resu l t s  obtained with exper imenta l  data .  

Flow and Heat  T r a n s f e r  in the Vicinity of the Braking Point of a 
Subsonic Je t .  We will examine the s ta t ionary  interact ion of a plane or  
a x i s y m m e t r i c  jet  with an infinitely la rge  boundary wall located nor -  
mal  to the jet axis, y* = 0, with a braking point x* = y* = 0 (Fig. 1). 
We as sume  that the influence of the wall on the flow is negligibly smal l  
at d is tances  y* __ Y*.  F r o m  exper imenta l  data  on a plane jet  in the 
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v i c i n i t y  of the braking point [7] and an a x i s y m m e t r i c  s t r e a m  [12] it 
it known that the change in the veloci ty  component  no rma l  to the 
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boundary along the axis of s y m m e t r y  of the jet  (x* = 0) may  be r ep re sen ted  approx imate ly  in the same  man-  
ne r  as for  a uni form potential  flow, flowing onto a plane sur face :  v* = - f l y *  (plane flow in vicini ty of braking 
point); v* = - 2 f l y *  ( ax i symmet r i e  flow in vicini ty of braking point). 

The l inear  rule for change in the normal  veloci ty  component  over  the l imits  of the v iscous  mixing 
l ayer  of the wall excludes a smooth juncture of the solutions for  the f ree  jet  region and the region of i n t e r -  
action. The re fo re ,  this ana lys is  is valid only in the d i rec t  vicini ty of the wall.  We a s sume  that the veloci ty  
and t e m p e r a t u r e  prof i les  in the boundary l ayer  of the f ree  jet (y* _> Y*) a r e  desc r ibed  by the Schlichtingand 
T a y l o r  prof i les  respec t ive ly :  

3 

[ U1 +j, (1) 

AT* / u* * .<" x* <" R* (2) 
AT~ -- I '  u--~-~ ' x ~  -~ b, 

where  x~ = 0 for  the comple te ly  developed jet;  5" is the thickness  of the boundary l ayer  of the f ree  jet ;  U~n 
= U~, T~n = T~ for  the jet  in teract ing with the boundary at the l imi ts  of the or iginal  por t ion  of the jet .  

Basic  Equations.  We introduce the following d imens ion less  va r i ab les :  

~.~ .  ; (x, v )=(x* ,  y*) 

~* T* (x*. g*) - -  T~ 
Q - -  ; T =  

TT= - -  T*~ 

Writing the equations of motion and energy  

Og~ O~ 
u - - + v  

Ox ag 

aT 
u - - + V - - = :  

Ox Og 

in these new d imens ion less  va r i ab les ,  we have 

a__s + av_ + ~ u =o, 
Ox Og x 

OP + - -  + ~ ~ - -  - -  ' a!t2 x 2 x -&x 

p-~ L&+--+--'~ , 
@2 x 

(3) 

where ~ -- 0 for  a ptane jet;~ = 1 for  an a x i s y m m e t r i c  jet .  

The Plane  Je t .  Since the prof i le  of the no rma l  veloci ty  component  in the in te rac t ion  region must ,  
in view of our assumpt ions ,  tend to the veloci ty  prof i le  of the f ree  jet  at the bo rde r  of the in terac t ion  r e -  

gion y* = Y*, we can wri te :  

v: 
v* = - -  y~  g*, O -~'x* -~ Xo ; 

3 

,,. u: [ 
- YL [ 1 -  X o ~ X * < G  

t - - - F - - /  j '  " 
o r  

v* = - -  ~e'  (x*) y*, 

where/3  = U ' ~ / Y * ;  F'(x*) = 1, 0 < x* - x~, F'(x*) = [1 -{ (x*-x~) /6*}a /2 ]  2, x~ -< x* -< R~. 

F r o m  the continuity equation it follows that 
u* = [8F (x*), 

where  F(x*) = x*, 0 -< x* -< x0*, 

(4) 

(5) 

3 

F (x*) = x* [ 1-- -Y \ ~ !  J '  " 

In d imens ion less  form,  Eqs .  (4), (5) a re  wri t ten as 

u----F(x); v = - - F ' ( x ) m  (6) 

These  equations desc r ibe  the veloci ty  d is t r ibut ion in the region of in te rac t ion  of the jet  and wall out- 
side the zone of v iscous  mixing.  For  the flow in the v i scous  mixing zone we have 

u =  F(x) f '  (y); v = - - F '  (x) f(y).  (7) 
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T h e  d i m e n s i o n l e s s  t e m p e r a t u r e  d i s t r i bu t ion  in the f r e e  je t  i s  d e s c r i b e d  by 

T = 1, 0 ~ x .<. xo, 

T= [V F'(x)-}-~z(VP(x)--m)], xo-<x..~R b. 
In  the v i s c o u s  mix ing  zone  the t e m p e r a t u r e  p ro f i l e  is  

T = O (x) 0 (g), iS) 

w h e r e G ( x )  = 1 ,  0 - < x < x 0 ,  G(x) = ~ + o z ( q - ~ - ~ - l ) ,  x o < x - < R  b. 

Subst i tu t ing the e x p r e s s i o n s  d e r i v e d  for  ve loc i ty  and t e m p e r a t u r e  in the v i s c o u s  mix ing  zone in 
Eq.  (3), we obtain  the tu rbu lence  t r a n s f e r  equat ion  

[[V-FBt ( f f ' " -- f ' f ")  + B~y"--B~ff' + B j  = O, (9) 
w h e r e  B l = F '  (x); B 2 = 2F" (x)/Y(x);  B 3 = [Y ~ i x ) -  F '  (x) F" (x) ] / F(x); B 4 = FIV(x) / F(x), and the e n e r g y  equat ion,  

0" + Pr (All0' + Azf'0) + Aa0 = 0, (10) 

w h e r e  A 1 = F, (x); A z = - F(x)G'  (x ) /G(x) ;  A a = G" i x ) / G i x ) .  

A x i s y m m e t r i c  J e t .  In ana logy  with the p lane  jet ,  we can  wr i t e  

v* = -- 2~F" (x*) g*, 

w h e r e  fi = U ~ / 2 Y ~ ;  F"(x*)  = 1, 0 -< x*  -< x~, F"(x*) = [ 1 - { ( x * - x ~ ) / 6 * } a / 2 ]  2, x0*__x*-<R ~. Then  

u* =2[~ [ F ' ( x * ) - -  F ( x , ) ] .  
L x* J 

In  d i m e n s i o n l e s s  f o r m  

v=_2F.(x)g; u = 2 I F , ( x ) F ~ x ) ] .  (11) 

F o r  the f l o w  in  the v i s c o u s  mix ing  zone we have  

v=--2F"(x) f(g); u=2.  [F'(x)---- F(x) J ff (12) 

The  t e m p e r a t u r e  d i s t r i bu t i on  in the f r e e  je t  has  the f o r m  

T = I ,  0-~.-x-%x o, 

T = ~/fiV(x) +o~ (v " P ( x ) - - l )  , %<x-<Rb. (13) 

F o r  the v i s c o u s  mix ing  zone 

T = O(x) O(g), (14) 

w h e r e  G(x) = 1, 0 -< x -< x0, G(x) - - ' f ' ~ ( x )  + a ( F q - f f ~ ) - l ) ,  x 0 -< x -< R b.  Subs t i t u t i ngEqs .  (12), (14), inEq. (3)  
we obta in  the tu rbu lence  t r a n s f e r  equa t ion  

T~ 
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Fig.  2. D i s t r i bu t ion  of f r i c t ion  a long wall  
in i n t e r a c t i o n  reg ion .  X * / d *  = 8.0 1) c a l -  
cu la t ion  (plane jet) ;  2) ca lcu la t ion  ( ax i -  
s y m m e t r i c  je t ) ;  3) e x p e r i m e n t  [3] (axi -  
s y m m e t r i c  jet ,  X * / d ~  = 18); X * / d ~  = 2.0: 
4) c a l cu l a t i on  (plane je t ) ;  5) ca lcu la t ion  
( a x i s y m m e t r i c  j e t ) ;  6) a p p a r e n t  tu rbulen t  
f low tens ion;  7) e x p e r i m e n t  (jet  a long a wall  
[151). 
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f v  + Bill,,, + [" (BJ' + B3) + B4f [' + Bs[ = 0 ,  (15) 

w h e r e  B 1 = 2F"  ;]32 = 2 [ ( 2 / x ) ( F ' -  F / x ) -  F" ]; B a = 2F  ~ / ( F ' -  F / x ) ;  Br = 2 / ( F '  - F / x )  [f~ (F"  + F ' / x  + F / x  2) 
- F I V ( p -  F / x ) ] ;  B 5 = [F V + F I V / x -  F m / x 2 ] / ( F  ' - F / x ) ;  and the e n e r g y  equa t ion  

0" + 2Pr AIfO' + (A~ Pr / '  - -  As) 0 = 0, (16) 

w h e r e  A~ = F"  ; A 2 = -  2 ( F ' -  F / x ) G ' / G ;  A 3 = ( F ' -  F / x ) G " / G  + ( ! / x ) G ' / G .  

The  b o u n d a r y  cond i t i ons  fo r  both p l ane  and g x i s y m m e t r i c  j e t  a r e  w r i t t e n  as  

f ( 0 ) = V ( 0 ) = 0 ( 0 ) = 0 ;  f ' ( o o ) = 0 ( o o ) = l ;  [ " ( ~ ) = 0 .  

I t  should  be noted  that  fo r  0 -< x -< x0, the  t u r b u l e n c e  t r a n s f e r  and e n e r g y  equa t i ons  have  a f o r m  a n a l -  
ogous  to that  fo r  a u n i f o r m  f low f lowing onto a p l ane  b o u n d a r y  [16]. 

N u m e r i c a l  So lu t ion .  A s e l f - s i m i l a r  s o l u t i o n  of the t u r b u l e n c e  t r a n s f e r  and e n e r g y  equa t ions  in  the 
r e g i o n  x 0 ~ x _< R b is  i m p o s s i b l e  due to the d e p e n d e n c e  of the  f low p a r a m e t e r s  on the x - c o o r d i n a t e .  T h e r e -  
fo re ,  s o l u t i o n s  of E q s .  (9), ( 1 0 ) , ( 1 5 ) , ( 1 6 ) , w e r e o b t a i n e d b y  the me thod  of l oca l  s i m i l a r i t y .  F o r  0 -< x -< x 0 
a so lu t i on  i s  known and h a s  been  t a b u l a t e d  [16]. The  equa t ions  w e r e  so lved  by the R u n g e - K u t t a  me thod  on 
a M i n s k - 2  d i g i t a l  c o m p u t e r  with an a c c u r a c y  to 10 -3. C a l c u l a t i o n s  w e r e  p e r f o r m e d  for  the  fo l lowing i n i t i a l  
da t a :  V~  = 20 m / s e c  (p lane  s t r e a m ) ;  U* - -40  m / s e c  ( a x i s y m m e t r i c  s t r e a m ) ,  d% = 10 m m ;  v = 20"10  -G 
m 2 / s e c ;  P r  = 1.0. 

To c a l c u l a t e  the e f fec t  of the r e l a t i o n s h i p  be tween  t e m p e r a t u r e  of the j e t  and of the  bounda ry ,  two 
e a s e s  w e r e  e x a m i n e d :  1) hot  j e t ,  co ld  b o u n d a r y  (c~ = 0); 2) co ld  j e t ,  hea t ed  b o u n d a r y  (oz = - 1 . 0 ) .  

The  cons t an t  fl of the  f low v e l o c i t y  in the  v i c i n i t y  of the  b r a k i n g  poin t  i s  d e t e r m i n e d  by the fo l lowing  
m e t h o d .  

1. P l a n e  j e t .  A c c o r d i n g  to the  d a t a  of [7], f i i s  a p p r o x i m a t e l y  equal  to the  r a t i o  U ~ / d ~ .  Then,  in  
acco rc l ance  with  the  n o t a t i o n  for  fl e m p l o y e d  e a r l i e r ,  we have  Y *  = d * .  

e 

2. A x i s y m m e t r i c  J e t .  A c c o r d i n g  to [13] 

* " X * "  -0 ,22  

T h i s  r e s u l t  i s  in a c c o r d a n c e  with the r e s u l t s  of e x p e r i m e n t s  a l s o  p r e s e n t e d  in  [12]. F o r  the d i s t a n c e s  to the 
Wall of the n o z z l e  s e c t i o n  s tud ied ,  fl - U * / d *  and consequen t ly ,  in  a c c o r d a n c e  with the  no t a t i on  e m p l o y e d  

e / e '  
above  fo r  fi, Y *  = d ~ / 2 .  The  R e y n o l d s  n u m b e r s  c a l c u l a t e d  fo r  the fl v a l u e s  o b t a i n e d  a r e  R e  = 104, Re = 2 
.104 fo r  p l a n e  and a x i s y m m e t r i c  c a s e s  r e s p e c t i v e l y .  

F r i c t i o n  and t h e r m a l  f lux on the wa l l  a r e  de f ined  by the fo l lowing  equa t ions  

zw = gl (x) [" (0), g: (x) = F (x); (plane jet), 

Nu 

V ~  

e l  (x) = (F '  - -  F /x )  

--  g~ (x) 0' (0), g~ (x) -~ V F  (x) 

g~ (x) ~ ~ F '  (x) 

(axisymmetric jet), (17) 

( plane jet), (18) 

(axiymmetric jet). 

1. D i s t r i b u t i o n  of F r i c t i o n .  The  r e s u l t s  ob ta ined  fo r  "r w w e r e  found to be in  good a g r e e m e n t  with 
e x p e r i m e n t a l  d a t a  o v e r  the c o o r d i n a t e  r a n g e  x, 0 -< x / R  b -< 0.35.  F o r  x / R  b - 0.4, a t r a n s i t i o n  f r o m  a 
l a m i n a r  f o r m  of  f r i c t i o n  to a t u r b u l e n t  one was  o b s e r v e d  in the  r e g i o n  of v i s c o u s  m i x i n g .  The  b e h a v i o r  of 
c a l c u l a t e d  and e x p e r i m e n t a l  c u r v e s  fo r  x / R  b > 0.4 i s  qui te  s i m i l a r ,  but t h e r e  i s  a d i f f e r e n c e  in  the va lue  
of  f r i c t i o n  t e n s i o n  of the o r d e r  of 50%. C a l c u l a t i o n  of  f r i c t i o n  on the wa l l  n e a r  the o u t e r  l i m i t  of the  f r e e  
j e t  by the func t ion  ob ta ined  in [15] fo r  a p l a n e  j e t  a long a wal l  

X )--i, 1 
~w=14.4cjUe 2 ~ -  + 11,2 ; c f=1.109.10  -2 , 

shows  that  the  l e a s t  d i s a g r e e m e n t  of e a t c u l a t e d  r e s u l t s  fo r  a j e t  i n t e r a c t i n g  with  a wa l l  n o r m a l  to i t  with 
d a t a  f o r  the  j e t  a long the wal l  i s  ob t a ined  fo r  s m a l l  v a l u e s  o f n o z z l e - w a l l d i s t a n c e  ( x * / d *  = 2.0).  In the  
l i m i t  a s  th i s  d i s t a n c e  i s  d e e r e a s e d  a d e g e n e r a t i o n  of the  f r e e  j e t  in to  a s e m i b o u n d e d  j e t  a long  a wa l l  o e c u r s .  
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For  a sample  evaluation of the value of "apparent"  turbulence tension in the v iscous  mixing layer  we 
a s s u m e  that the fr ic t ion tension in sect ions  along the no rma l  to the wall is constant .  In this case  (Fig. 2) 
the mean  apparent  tension, pu 'v ' /u~ ,  obtained on the bas i s  of compar i son  of calculated r e su l t s  with ex-  
pe r imen ta l  data [3] is a value which is s eve ra l  t imes  as g rea t  as the cor responding  value on the boundary 
l ayer  of a lamina  over  which a pa ra l l e l  flow p a s s e s  (according to [16], p u ' v ' / u ~  -~ 0.0015). This  may  be 
explained by the fact  that, i n t h e c a s e  examined here ,  the in terac t ion  of the jet with the wall outside the 
v i scous  mixing zone is a jet  flow with an inc reased  level  of turbulent liUlsation in compar i son  to the typical  
boundary layer .  

2. T h e r m a l  Flux. The calculated va lues  of t he rma l  flux (qw) together  with exper imenta l  data  of 
s e v e r a l  authors  a re  p resen ted  in Figs .  3 and 4. 

A) X * / d ~  = 2.0. For  an a x i s y m m e t r i c  jet  the d i f ference  between the calculated value of qw and that 
obtained exper imenta l ly  in [8] is of the o rde r  of 25%. It should be noted that the values  p resen ted  in [8] a r e  
the t he rma l  flux averaged  over  the sur face  of the wall .  F r o m  the exper iment  of [5] it follows that local 
t he rma l  flux over  the wall has  a m o r e  complex c h a r a c t e r  than that predic ted  theore t ica l ly .  Thus,  a cco rd -  
ing to the data of [5] there  exis ts  a min imum in t he rma l  flux at the braking point, as well  as secondary  
peaks  in the region of spreading over  the wall.  The mean  value of the deviat ion between calculated and 
exper imenta l  r e su l t s  in 30-50%. Compar i son  of the r e su l t s  of the p resen t  analys is  with the calculated data 
p resen ted  in [13] shown that the depar tu re  may be as g rea t  as a fac tor  of two. In the case  of a plane jet, 
calculated resu l t s  agree  re la t ive ly  well with the exper imenta l  data  of [6]. The deviation between ca lcu la -  
tion and the r e su l t s  of exper iment  in [9] can be explained by the fact  that the la t te r  a re  averaged  va lues .  

B) X * / d ~  = 8.0. For  an a x i s y m m e t r i c  jet, the t he rma l  flux dis t r ibut ion calculated in [18] is in 
s a t i s f ac to ry  qualitative ag reemen t  with the data  of expe r imen ta l  studies [4, 5]. Quantitatively, the devia-  
tion between calculated and exper imen ta l  data  v a r i e s  f r o m  30 to 100%. The da ta  for  a plane jet were  found 
to be in good agreement  with exper imenta l  data  [6]. 
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Fig.  3. T h e r m a l  flux dis t r ibut ion in in teract ion region for  X * / d ~  
= 2. Calculation: 1) plane jet;  2) a x i s y m m e t r i c  jet;  3) plane jet, 
o~ = - 1 . 0 ;  4) a x i s y m m e t r i c  jet, oz = - 1 . 0 ;  Exper iment :  5) plane 
jet  [6]; 6) axisymmetr ic~ jet  [8]; 7) a x i s y m m e t r i c  jet: [5]; 8) plane 
jet  [9]; 9) plane jet  [14]. 

Fig.  4. T h e r m a l  flux dis t r ibut ion in in teract ion region for  X * / d *  
= 8. Calculation: 1) plane jet, oz = 0; 2) a x i s y m m e t r i o  jet, o~ 
= - 1 . 0 .  Exper iment :  3) ax i symmet r ie -  j e t  [5]; 4) a x i s y m m e t r i c  
je t  [4]; 5) plane jet  [6]; 6) plane jet  [14]. 
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F r o m  the compar i son  conducted it follows that the effect  of turbulent pulsat ions pecul ia r  to f ree  jets  
on heat  t r a n s f e r  with the wall  a r e  re f lec ted  to a s ignif icant ly higher  degree  with an a x i s y m m e t r i c  je t  than 
with a plane jet .  The inc rease  in d i s ag reemen t  between calculat ion and exper iment  for  the a x i s y m m e t r i c  
jet  can be explained by the g r e a t e r  p ropens i ty  of the a x i s y m m e t r i c  jet  toward s e l f - p r e s e r v a t i o n  of turbu-  
lent pulsa t ions .  Deviations among the exper imenta l  da t a  obtained by different  authors  under approx imate ly  
the s ame  flow modes  are  evidently connected with neglect  of the initial level  of pulsat ions at the nozzle  
sect ion in conducting the exper imen t .  
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N O T A T I O N  

is the coordinate  along wall; 
is the coordinate  normal  to wall; 
is the half-width of jet  potential  core ;  
is the boundary layer  thickness  of f ree  jet;  
is the width (diameter)  of nozzle output sect ion;  
is the radius  of f ree  jet;  
is  the dis tance f r o m  wall cha rac t e r i z ing  the l imi t  of jet  in terac t ion  with wall;  
a r e  the veloci ty  components  along axes x and y r e spec t ive ly ;  
is the t e m p e r a t u r e ;  

is  the turbulence intensity;  
is the densi ty;  
is the shea r  s t r e s s  on wall; 

is the veloci ty  constant in vicinity of braking point; 
is the k inemat ic  v i s c o s i t y ;  
is the Reynolds number ;  

is the Nussel t  number ;  

is the 19randtl number ;  
a re  the functions de te rmined  by equations (4), (8) for  plane jet  and (11), 
(14) for  a x i s y m m e t r i c  jet ;  
a re  the functions de te rmined  by Eqs .  (9, 10) for  plane jet  and Eqs .  (15), 
~,16) for  an a x i s y m m e t r i c  jet;  

is the apparent turbulent shear stress in interaction region. 

S u b s c r i p t s  

w denotes  the wall; 
a denotes the surrounding medium;  
* denotes  phys ica l  va lues ;  
m denotes values  along the jet  axis;  
e denotes  values  in the nozzle exit  sect ion.  
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